Abstract. Applications of the work introduced by the authors in a recent article, Filament sets and homogeneous continua, are given to aposyndesis and local connectedness. The aposyndetic decomposition theorem of Jones is generalized to spaces with the property of Kelley.
In [14] , a line of research was initiated aimed at better understanding continua that lie strictly between being locally connected and indecomposable. Among other things, the resemblance of many of these spaces to indecomposable continua was made more transparent through the introduction of filament composants. The value of the notions introduced is also reflected in the number of classical results that are either strengthened or easily reproduced, and several such instances are given here.
Most of the results of this paper are for continua with a property introduced by Kelley in [8] . This is an important class of spaces. For instance, locally connected continua, hereditarily indecomposable continua, and homogeneous continua all have this property. A recent study [1] shows that absolute retracts for tree-like and for hereditarily unicoherent continua have this property. Spaces with this property have been very important in the study of hyperspaces, dating back to Kelley's original paper. This property is a mark indicating the regularity of the properties of a space. Henceforth, such spaces will be called Kelley spaces, or Kelley continua when appropriate.
The highlights of the paper include a generalization of Jones' aposyndetic decomposition theorem to Kelley continua, and several new results related to aposyndesis. Characterizations are given of aposyndesis and local connectedness in Kelley continua. In our decomposition theorem, it is not the L(x) of Jones that partitions, but the maximal such. These continua are not necessarily terminal, but x is an outlet point of L(x). The decomposition is not necessarily continuous, but it is upper semi-continuous. The quotient space is aposyndetic.
Preliminaries
A continuum is a compact, connected, nonempty metric space. If X is a continuum, C(X) denotes the hyperspace consisting of all subcontinua of X under the Hausdorff metric.
Our definition of local connectedness follows the terminology of Kuratowski [11, p. 227] . A space is locally connected at a point p if every neighborhood of p contains a connected neighborhood of p. (Since we have made no requirement that the neighborhood be open, many authors would refer to this as being connected im kleinen at p.) A space is locally connected if it is locally connected at each of its points.
A metric space is called a Kelley space 1 provided that whenever points x n converge to an element x contained in some subcontinuum C of the space, there are continua C n containing x n that converge to C under the Hausdorff metric. Every homogeneous continuum is a Kelley space [19] .
Let X be a topological space, A and B be subsets of X such that A is connected and A ⊂ B. The symbol Cnt B (A) denotes the component of B containing A. If A is a singleton {a}, then Cnt B (a) denotes Cnt B ({a}). Similarly, if A is a continuum, Ctu B (A) will denote the constituant of B containing A. It equals the union of all continua in B that meet A.
The following definitions were introduced in [14] . A continuum C in X is called filament (in X) provided there exists a neighborhood N of C (a set containing C in its interior) such that Cnt N (C) has empty interior. The continuum C is called 
Aposyndesis and local connectedness
In this section we begin with some preliminary observations obtained by applying the concepts of filament and ample continua to questions of aposyndesis. This turns out to have special significance for Kelley continua and subsequently leads to characterizations of aposyndesis and local connectedness, and to some observations about cut points that relate interestingly to classical results.
A continuum X is aposyndetic at x with respect to y if there exists a continuum K ⊂ X \{y} containing x in its interior. It is aposyndetic at x if it is aposyndetic at x with respect to every other point, and aposyndetic if it is aposyndetic everywhere [5] . There are three set-functions: L, K, and T that have been important in the theory of aposyndesis. We now define a fourth function M . Let x ∈ X and S ⊂ X.
Then
K(x) = {y ∈ X | X is not aposyndetic at x with respect to y}, L(x) = {y ∈ X | X is not aposyndetic at y with respect to x}, T (S) = {y ∈ X | every continuum with y in its interior meets S}, M (x) = the intersection of all ample continua containing x.
Each of these sets is closed; L(x) is a continuum [6] . When S is connected, T (S) is a continuum [3] . The members of the families {K(x)|x ∈ X} and {L(x)|x ∈ X} will be called, respectively, K-sets and L-sets.
The space X is aposyndetic at x if and only if
and L(x) can be characterized as follows:
= {y ∈ X | every continuum containing y in its interior contains x}.
Notice further that:
Proof. If A is an ample continuum containing x, then A is the intersection of the continua that contain A in their interior, and this is a subcollection of those that contain x in their interior. Thus K(x) ⊂ A. Since this holds for each ample continuum containing Proof. The forward implication is obvious. If X is a Kelley continuum and X is aposyndetic at p with respect to q, then there is a continuum D with p in its interior such that q / ∈ D. The continuum D is ample by Proposition 1.1.
Proposition 2.4. If X is a Kelley continuum and x
∈ X, then K(x) = M (x).
Proof. By Proposition 2.1, K(x) ⊂ M (x). For the reverse inclusion, let y ∈ M (x).
It suffices to show that y is in every continuum containing x in its interior. If C is a continuum containing x in its interior, then C is non-filament, and hence ample by Proposition 1.1. Since y ∈ M (x), y ∈ C. Corollary 2.7. Let X be a Kelley continuum and x, y ∈ X.
Corollary 2.5. If X is a Kelley continuum, then X is aposyndetic at x if and only if {x} is the intersection of some collection of ample subcontinua of X.
, the collection of ample continua that contain y contains the similar collection for x.
(2) Let z ∈ L(y) and let A be an ample continuum containing z. We use Corollary
The next result easily follows from (2.0.1) and the above observations. Corollary 2.8. Let X be a Kelley continuum and x, y ∈ X. The following statements are equivalent: The previous result contrasts interestingly with Jones' [6, Corollary], which states that a continuum which is not aposyndetic at any point must contain at least one cut point (and in fact, can have exactly one).
Jones also shows [6, Theorem 14] that if for each point q of a continuum X, there is a point p of X such that X is not aposyndetic at p with respect to q, then the set of cut points of X is dense in X. If we add to the hypothesis that X is a Kelley space, then by Corollary 2.12 we obtain more. Corollary 2.14. If X is a Kelley continuum such that for each point q of X there is a point p of X such that X is not aposyndetic at p with respect to q, then every point of X is a cut point.
A continuum is cyclically connected if each pair of points lies on a simple closed curve.
Corollary 2.15. Every cyclically connected Kelley continuum is aposyndetic.

Quasi-order structures
The results of the previous section lead in a natural way to quasi-order relations on Kelley continua. These relations, which will be used in the coming section to generalize Jones' aposyndetic decomposition, further reveal the regularity of properties of Kelley continua and highlight the duality between L-sets and K-sets.
Given a continuum X, we define a binary relation in X as follows. For any two points x, y ∈ X we write x y whenever x ∈ K(y). Proof. Assume (x n , y n ) converges to (x, y) in X × X with x n y n . Suppose there is a continuum C ⊂ X such that y ∈ Int(C) and x / ∈ C. Consequently, y n ∈ Int(C) and x n / ∈ C for almost all n, and thus x n / ∈ K(y n ) for almost all n, a contradiction. Hence such a C does not exist, and x ∈ K(y). The proof for * is similar.
The following result is a consequence of the quasi-order structure imposed on a Kelley continuum.
Corollary 3.2. Let X be a Kelley continuum and x ∈ X. The following three conditions are equivalent:
(1a) L(x) is a maximal L-set; (2a) K(x) is a minimal K-set; (3a) K(x) = {y ∈ X | L(y) = L(x)}.
Similarly, the next three conditions are equivalent:
(1b) L(x) is a minimal L-set; (2b) K(x) is a maximal K-set; (3b) L(x) = {y ∈ X | K(y) = K(x)}.
Jones' aposyndetic decomposition
In 1955, F. B. Jones proved his celebrated aposyndetic decomposition theorem [7] . He showed that in a homogeneous continuum X, the sets L(x) partition X into mutually homeomorphic, homogeneous terminal continua; and furthermore, the decomposition is continuous, and the quotient space is aposyndetic. This theorem, and its subsequent improvements, have played a central role in the theory of homogeneous continua. In the early 1980s, J. T. Rogers, Jr. generalized and improved Jones' theorem in [15] (a) Aposyndesis is symmetric on X. If C is a subcontinuum of a continuum X, a point x ∈ C is called an outlet point of C (comp. [9] , [10] ) if each continuum in X meeting both C and its complement contains x.
Proposition 4.2. If X is a Kelley continuum, then for each x ∈ X, x is an outlet point of the continuum L(x).
Proof. Let C be a continuum containing a point y of X \ L(x) and a point q of
, there is an ample continuum D in X \ {x} containing y by Corollary 2.6. The continuum C ∪ D is not filament and is thus ample by Proposition 1.1. Since this ample continuum does not contain x, we have q / ∈ L(x) by Corollary 2.6, a contradiction.
Corollary 4.3. Let X be a Kelley continuum and x, y ∈ X. If L(x) intersects L(y), then one is a subset of the other.
Proof. If we assume that L(y) meets both L(x) and its complement, then by Propo-
A subcontinuum C of a continuum X is called a terminal continuum if the only continua in X that meet C are those that are either in C or contain C.
Corollary 4.4. Let X be a Kelley continuum. If the sets
Remark 4.5. We are now in a position to give a quick proof of Jones' theorem that in a homogeneous continuum, the sets L(x) partition X into terminal continua. A homogeneous continuum X is a Kelley space, and thus, by Proposition 3.1, there is a minimal L-set, L(x). By the homogeneity of X, every L-set is minimal. Thus by Corollary 4.3, the L-sets partition X. By Corollary 4.4, they are terminal.
We now study the properties of ample and filament continua with respect to monotone maps. 
Proof. First assume that A is ample. Then
Now assume thatÂ is ample in X/H. Let U be a neighborhood of 
F ). ThenF is filament in X/H if and only if F is filament in X.
Proof Let G be the collection of maximal L-sets in a continuum X, i.e.,
We conclude the paper with the following generalization of Jones' aposyndetic decomposition theorem for Kelley continua. 
. By Corollary 4.3, ∼ is an equivalence relation. Since L-sets are continua, the equivalence classes of ∼ are connected. Notice that x ∼ y if and only if for some p ∈ x, x * p and y * p. Since y * p if and only if p y, it is seen that ∼ is the composition of * followed by . Since both * and are closed subsets of X × X by Proposition 3.1, the relation ∼ is also closed. Consequently, the equivalence classes of ∼ are closed, and thus they are continua. Moreover, if u n ∼ v n and lim(u n , v n ) = (u, v), then u ∼ v, which implies the upper semi-continuity of the equivalence classes of ∼.
Let C x be the equivalence class of x ∈ X. Then C x is the closure of the union of the collection L x of all L-sets containing x. By Corollary 4.3, this collection is linearly ordered by inclusion. Therefore, there are points
, and Lim L(x n ) = C x . Let p be an accumulation point of the sequence {x n }, and let q ∈ C x . There is a sequence y n ∈ L(x n ) such that lim y n = q. Therefore, (p, q) is an accumulation point of {(x n , y n )}. Since y n * x n for each n, and * is closed, we have q * p and thus q ∈ L(p). Hence, C x = L(p) and is a maximal L-set. Consequently, the equivalence classes of ∼ are precisely the members of G.
To show that X/G is aposyndetic, let π : X → X/G be the quotient map and L(u 1 ), L(u 2 ) distinct elements of G. Since u 1 / ∈ L(u 2 ), by Corollary 2.6 there is an ample continuum A containing u 1 such that u 2 / ∈ A. By Proposition 4.2, A ∩ L(u 2 ) = ∅. Thus, by Proposition 4.9, π(L(u 1 ) ∪ A) is an ample continuum in X/G disjoint from π(L(u 2 )). Hence X/G is aposyndetic. The quotient space X/G is a Kelley continuum by [19, Corollary 4.4] , since the decomposition is monotone.
To prove the last part of the theorem, suppose that H is a monotone, upper semi-continuous decomposition of X such that some G ∈ G is not contained in any member of H. Let π H : X → X/H be the quotient map. Say G = L(u), u ∈ X. Then there exists v ∈ G such that u 1 = π H (u) = π H (v) = v 1 . Let M 1 be any continuum in X/H containing v 1 in its interior. Thus M = π −1 H (M 1 ) is a continuum in X containing v in its interior. Since X is not aposyndetic at v with respect to u, we have u ∈ M . Consequently u 1 ∈ M 1 , and thus X/H is not aposyndetic at v 1 with respect to u 1 . Hence X/H is not aposyndetic. The theorem is proved.
We make a couple of observations. First, note that each K-set is contained in an element of G. Indeed, if x, y ∈ K(z) for some z, then z ∈ L(x) and z ∈ L(y), which implies x ∼ y. Secondly, it is easy to show that the elements of G are T -closed ; that is, for each L ∈ G, T (L) = L. Remark 4.14. Since G is the finest monotone, upper semi-continuous decomposition of X such that X/G is aposyndetic, this is the core monotone aposyndetic decomposition guaranteed by FitzGerald and Swingle in [4, Theorem 2.7] . Thus this is also the decomposition given by McAuley in [12] , and hence, the form taken by McAuley's decomposition for Kelley spaces is revealed. (See [18] for a synopsis.)
